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FOXEVORL
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Title) "eroelasticity, Vibration and Noise," and Task No. 13473 {Unclassitied
Title) "Theoretical Supersonic Flutter Studies."™ Mr. _Walter J. Mykytow ot
the Dynamjcs Branch, Aircraft Laboratory, is task engineer. Research was
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unclassified portions ot this report. Since he has no security clearance,
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The tirst author, Mr. G. Zartarian, integrated Dr, Hsu's contributions into
the tinal document torm without divulging security information to him.

The authors are indebted to Protessor H. Ashley, Mr. A. Heller, and
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acknowledgements are due to Mr. G. Anitole tor preparing the tigures and to
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This document, including the illustrations, is classified CONFIDENTIAL
(excepting the title) because it contains the development of inproved me thods
tor conducting supersonic tlutter analysis; hence more accurate tlutter
analyses tor modern aircraft can be made.
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ABSTRACT

An extensive investigation is presented intoc the applicabii-
ity and accuracy of the method of aerodynamic influence coeffi-
c..ents for calculating the airload distribution on thin wings of
arbitrary planform, executing small steady or simple harmonic
motions in a supcisonic flow of perfect gas. Several represen-
tative examples; involving wings with various combinaticns of
subsonic and supersonic edges, are worked out. Where possible,
comparisons are made with results of more exact linearized theory,
The relative advantages of three types of elementary area for
subdividing the wing planform are studied. The type which ap-
pears most satisfactory from considerations of versatility, ac-
curacy and simplicity is the "Mach box," a rectangular area
element with diagonals parallel to the Mach lines. On the basis
of all available evidence, the method is concluded to be satis-
factory for use in flutter prediction or similar applications,
and recommendations are put forth regarding preparation of tables
of aerodynamic influence coefficients. A set of working rules
to assist the engineer in using these coefficients is published
in a subsequent report (Ref. 31).

PUBLICATION REVIEW

This report has been reviewed and is approved.

?L. DANIEL D. McKEE
__ Colonel, USAF

{y Chief, Aircraft Laboratory

FOR THE COMMANDER:;
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SECTION I
INTRODUCTION

The problem of determining the aerodynamic forces on a
harmonically oscillating, thin, almost-plane lifting surface

tions for the linearized differential equation. The two-

finite wings, several authors have presented solutions limi-
ted to specific planforms, Miles (Refs. 3,4) treated the
uarter-infinite wing and extended his formulation to plan-
2orms with oblique straight leading edges, (Ref. 5). Although
the prescribed motions are arbitrary, the results obtained for
the velocity potential are in integral form, and the applica-
tion of this theory is limited by practical considerations to
cases where the mode of oscillation is independent of the
spanwise coordinate. Other contributors, e.g., Goodman (Ref.
6?, Stewartson (Ref. 7) and Rott (Ref. 85, arrived at similar
solutions for deformations which are variable in the stream
direction only. Evvard's equivalent-area concept was used by
Stewart and Li for the oscillating rectangular wing (Ref. 9)
and by Chang for an oscillating swept finite wing with super-
sonic leading and trailing edges (Ref. 10). It was subse-
quently found that this concept is valid only for low fre -
quencies. An extension (Ref. 11) was proposed by Stewart and
Li, which would validate the method for higher frequencies.
Concurrently Watkins treated the rectangular wing, oscillating
in rigid-body motions, by a series expansion of the kernel

The simpler problem of the triangular or delta wing with
supersonic edges performing ri%id-body motions was studied by
Miles {Ref. 1¥), Froehlich (Ref. 15) and Nelson (Ref. 16).
Using a suitable form of the reverse-flow theorem, Walsh,
Zartarian and Voss (Ref. 17) were able to obtain direct gene-
ralized-force expressions for this ‘'wide" delta associated
'k recent publication by J. w. Miles summarizes the existing

aerodynamic theories for unsteady superscmic flow. (Ref. 4k)

Manuscript released by the author December 1955 for publication ag a WADC

Technical Report. N n
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with rather general elastic modes. The case of the "aarrow'
delta, i.e., the triangular wing with subsonic leading edges,
was formulated by Haskind and Falkovich (Ref. 18) and by
Watkins and Berman (Refs. 19, 20). The former solution is
considered impractical in view of the tediousness of the
numerical computations. One may conveniently use Ref. 19 for
rigid body motions and Ref. 20 for harmonic deformations rep-
resentable by a quadratic form. Mowever, the limitation to
low frequency and the inadequacy of the quadratic form for
representing many types of deformation restrict the useful-
ness of the results of Ref. 20.

In view of the variety of shapes and aspect ratics adopted
for mrdern aircraft wing and tail surfaces, it is desirable to
devise a unified theory which is free from the limitations in-
herent in nearly all of the analytical methods mentioned above.
A promising avenue in this direction, entirely numerical in
character, was first Suggested by Pines and collaborators (Refs.
21, 22)* for any planform with all supersonic ed%es (and later
extended to planforms with subsonic edges) oscil ating in an
arbitrary deformation mode. Their scheme is based on the use
of the "aerodynamic influence coefficient," defined as the
pressure developed at a point on the win% by constant normal
velocity of the fluid (downwash) on an e e~entary area of the
wing, while the downwash is assumed Zero over the rest of the
Planform. This influence coefficient method can readily be
adapted to loading computation or flutter analysis by over-
laying a grid of boxes on the wing and relating the pressure
on any box to the known motions of all the boxes. Numerical
applications yield quite satisfactory accuracy for the plan-
forms considered in Refs. 21, 22. This method was extended
for planforms with subsonic edges by introducing the diaphragm
concept of Evvard (Ref. 23)* and Placing boxes over the dig-
turbed flow region off the planform.

The elementary areas employed in these references are
Squares, and this can be shown to limit the applicability for
wings with subsonic edges to the range of ~> vZ. Extensive

sociated with square boxes are now available (Ref. 25). Follow-
ing a suggestion by Pines, Li (Refs. 26, 27) carried out Simi-
lar analysis using as elementary areas the so-called Mach boxes,
whose diagonals are perallel to the Mach lines. Although the
Mach box appears to be the most useful and versatile of the

*Reference 24 summarizes the essential features of Refs. 21.23,

WADC TR 56-97, Part 1
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elementary-area shapeswgroposed to date, some of the approxi-
mations adopted by Li when computing influence coefficients
are inadequate. His work is discussed in a subsequent section.
In a recent report (Ref. 28) the present authors suggested
another alternative g8rid system, made up of so-called charac-
teristic boxes. These elementary areas are rhombuses with
sides parallel to the Mach lines.

Another numerical scheme has been suggested by Brandstatter
and Mortzgchky (Refs. 29,30) for tapered Planforms with super-
sonic leading and trailing edges, performing arbitrary simple
harmonic motions. They employ Miles' solution for the quarter-
infinite wing, replacing the tapered wing with a rectangular
one (the foremost points of the two wings being the same) and
setting the downwash *qual to zero on the region of the rec-
tangular wing between the leading edges of the two planforms.
This step is permissible since the leading edge is supersonic.
The downwash is represented as a power series in the coordin-
ates, and if such a representation is to be satisfactory, one
must take a large number of terms to account for the discon-
tinuous downwash at the leading edge of the tapered planform.
The method of Ref. 29 will undoubtedly be useful for particular
types of wing performing certain oscillations, but it is
organized in such a Way as not to appear as efficient as the
box methods from the computational standpoint. Seven distinct
types of region must be treated on the most general planform

An attractive feature of all these numerical methods is
that they are highly systematized and therefore well suited to
high-speed machine computations. The aerodynamic theory can
be reduced to a large aggregate of repetitive, elementary op-
erations, which involve the use of universally applicable
tables. However, Preparing such tables for the first time is
likely to be an expensive project and requires careful and ef-
ficient planning.

The motivation for the present research is to furnish
recommendations for influence coefficient tables and to pre-
sent a set of working rules for the proper use of the box
method in practical flutter analyses. The basic problem is to
study the proposed 8rid systems and their applications to
various types of wings of current and future interest. As-
sociated with each of these systems there are certain diffj-
culties which must be clearly recognized, so that appropriate
Steps can be derived to alleviate them. Possible modified
Procedures for particular cases, such as the special treatment
of subsonic edges, must also be taken into consideration. For
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these purposes many aspects of the problem have been isolated
and lavestigated Separately. The &ccuracy of the method bhas
been studied by comparing the results for specific examples ac-
cording to the pPresent numerical techniques with those accord-
ing to other unsteady aerodynamic theories of known validicy.

The present Paper describes a]} the detailed investiga- -
tions and 1llustrative cases, along with complete statements
of the conclusions reached therefrom. A summary report (Ref.
31) summarizes these conclusions, for the reader wvho desires
to apply the method, in the form of working rules for the com-
putation of afrload distributions and &erodynamic terms in
flutter equations,

When trying to formulate a set of rules for the applica-
tion of aerodynamic influence coefficients, one 1s faced with
the question of what degree of accuracy is needed in the
determination of the airlioads. This is Particularly hard to
answer when the pProblem being analyzed involves the interaction
of several types of forces, such as in flutter Prediction. It
1s known that in Some cases a given percentage error in the
aerodynamic forces can give rise to g larger error in the esti-
mated flutter speed, whereas at other times this s eed may be
very insensitive. It is important to minimize eacg of the
Sources of error in any flutter celculation, and to this end
the ideal would be to have the percentage srror of the air-
loads (compared to their exact theoretical values) smaller by
at least one order of magnitude T an t.ae largest uncertainty

own to be present in other terms of the flutter equations,
Such precision can rarely be attained, so that the analyst must
normally be satisfied with an &Ccuracy no worse than that of
other terms. Ag o 8eneral rule, it {3 believed that this sort
of accuracy or better will be obtained if the procedures sug-
gested in the Present work are followed.

The conclusions reached herein regarding evaluation of the
airloads are based on the following underlying Principles:

(1) Computations should be organized and limited so that
8enerally available high-speed computing facilities
can handle any Practical problem within o reasonable
period of time.

(2) Maximum accuracy should be obtained, up to a point
where any further significant improvement ig &ssocia-
ted with excessive additional labor.

(3) Refined techniques which produce marked improvements
in accuracy should be sought and recommended, but only
when they yield 8reater computational efficiency and do
not interfere seriously with the conceptual simplicity
and degree of organization of the basic method.
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SECTION 11
AERODYNAMIC INFLUENCE COEFFICIENT EXPRESSIONS
FOR THE THREE BASIG TYPES OF GRID SYSTEM

II.1 aerodynamic Theory

According to linearized potential flow theory for simple
barmonic motion of an almost-plane lifting surface (Ref. 12?,

the complex amplitude of the velocity potential F(x,4) at a

point (&39 on the upper side of the surface isg*

ey
Jbp=- 1 //w/g,f)e s er ) et
/ Vix-5)* 6%

" Eq. (2.1)
where (%, ,) is the complex amplitude of the normal

component of fluid velocity (downwash)
produced by the wing's motion,

Ty - (wrod)otey

Eq. (2.2)
and
L;';g;g are rectangular coordinates (cf. Fig. II.1),
Z(7) is the deflection amplitude of the mean sur-
face of the wing at { x, ) (positive downm),
7
A is the entire disturbed region bounded by the

forward Mach lines emanating from (x4 ),
and the various constants are defined in the list of symbols.

#In accordance with the standard procedure for representing
simple harmonic motion, the actual numerical values of the
velocity potential, downwash, etc., are the real parts of
the complex expressions Pet, Fewt etc., where w 1is
the circular frequency.
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The expression for the complex amplitude of pressure dif-
ference between the upper arnd lower surfaces Cﬁz‘fi) is:

P2EF=2pfiwr U2 ]pty)

‘wh?
— T {x—;)
- vg* “’4 2 ?}Z)
~_2r D 7/[w(En)e s (@@ Vi-g) 8%
=~ t/e J/ a2

Vi(x-8)*-8%-7)?
A Eq. (2.3)

Except for some special cases, such ag algebraic-polynomial
deformation shapes in steady flow, the double integral cannot
be evaluated in terms of tabulated functions, with the result
that a numerical method must be resorted to. Following Pines'
idea (Refs. 21-24), one may split the area A. into sufficiently
small elementary areas to allow certain approximations in the
evaluation of the double integral. 1If one assumes that the
downwash ig constant over each area, for example, one obtainsg
the approximate expression

. wM?
YL L W
=2 TGl o)~ )
7

AE 4,
VIx-£)2 8%y -7 <71
Eq. (2.4)

where 47 is a suitable sverage downwash over area 4; . The
quantity in the square brackets of Eq. (2.4) 1is the aerodynamic
influence coefficient (abbreviated AIC from here on), i.e., the
Pressure at point ( X,# ) due to a unit downwasgh over Ao
The AIC will depend on the location of 4 relative to (xy )
and the shape of A; . Three basic shapes have been proposed
for the elementary’ areag (boxes): square boxes, rectangles
with diagonals parallel to the Mach lines (Mach boxes) and
rhombuses with sides parallel to Mach lines (characteristic
boxes). For grid systems constructed of each of these box
shapes, the expressions for the AIC are now derived.

II.2 Expressions for the Aerodynamic Influence Coefficients
of the Square Crid System

a. Approximate Formulas of Pines and Harvard Computation
Laboratory (Refs. 24, 2BY.

The only complete table of Supersonic aerodynamic in-
fluence coefficients now in existence (Ref. 25) has been
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calculated on the basis of certain approximate integrations of
Eq. (2.4), which are now described.

Equation (2.4) may be put into the form

- — T 22 "[—/‘ [
= - LB BT, 9. 7%55) K o
b, 5)= zfﬁ/Z,’f‘[Z A2 /)/)/e Ras/M ) e, ]
2

= 25””27 a;/“//‘?ftz)
/ Eq. (2.5)
where

_£ -2
x,=;’x-; ;,7?1 $<7 04

are the dimensionless coordinates, é 1s the side of the
square box,

»

2
Vi
2

g_w-ﬁ#
r
- Vh-56% 1P

and (4;), 1is the dimensionless area of integration correspond-
ing to ;"1, .+ In subsequent derivations, the subscript / will
be drupﬁed from the quantities Yoo B57,.04). As shown in Fig.
I.1, the pressure at the center of the receiving box (2.7 )
due to a constant unit downwash at the sending box ( 2, ) 1is
dependent on the distances

—_—

Ko =Xy =n-2o/ =

e = F
Eqs. (2.6a-b)

where n,m o u, ¥ & are all integers. The box (r, ) is the
7?4 box downstream, and the m 7 box to the right of an
arbitrarily chosen origin box ( 4,0 ). Since the arameters
%, and M appear within the brackets of Eq. (2.5? along with
v and iz , the aerodynamic influence coefficient is fixed
by four independent quantities. A complete tabulation of these
coefficlents therefore involves "four-dimensional' tables.
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(y,m)or(m,u)

AN

\ (v, //
fe— ] —l y'Iu

1 \\ (xvap.) T /
(x,)or(n,2) N ! /

\g,'y/
™)

fT(Xn,Ym)

Fig. 1II.1 The Square Box Grid System

For 'far boxes" (i.e., 2722

), the following types of
approximations are used:

5-(..@/1‘-;) p— 6"‘; _I(X_g-c),

—_ N Z;— o T3
Cﬂ&/—/%—/?/ = cos (3 R )= 605/,7'? Ve-£26627), Eqs. (2.7a-b)

where ( 3., 7. ) denotes the center of the sending box. For
sending boxes which lie completely inside the forward Mach
lines from ( x,

» the areas of integration are squares.
Then one obtains for the AIC the expression
35l i L s (& o) A
ras(- 1)k - cos (e 27 @7) A
-Z ;;_:S,,', ,;g.ws@;:‘/;z;y B,;,z]
%% sin (74 2, « cas (M_é:W Ara
s (7% - ws//.gl r3fefa) Az z
_éfyﬁzlcasgg,@sé@)gii (17;2)
Eq. (2.8)

_WADC TR 56-97, Part 1 -8-

CONFIDENTIAL

R




CONFIDENTIAL

where
Yo ®a-F ~ B(i+4)
As = cos EZ a7yl
/4,7;2 = casT BC2) o1 Blar ) _ A" ,
’ -4 z,—_é[ -1,
Bop = (Pr4)AL o~ (7L As - Bl L )eas™ 74 e d
7, 7y 2/ M= 2/f@50 2 _peh” Tt
-~ B Frd -l g1 =
Blat3)jeosh™ -2 _ pop 5+ 4 Eqs. (2.9a-c)

Ba+$) crf)d |
If the sending box is cut by a Mach line, the above expressions
are still valid provided the following interpretations are

adopted:
cos™'x =0 for 14X
wos'x =0 t %k Sor 0<£X</
cos™'x = - cas"/—x) 74'— ~-1€Xx <0
Cs™'x =7 ﬁr x <€ -/
Vx =0 far X =0
cosh™ =0 H for /1< x
cosh™ =0 for —1€X €/

cosh™x = cash™ (“x) for x &=
Eqs. (2.10a-h)

It should be noted that only positive values of A mneed be
considered since by symmetry

|
|
+
&
&.N ‘
{
l
\Q‘
]
\{.
[\
o
Y

Eq. (2.11)
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Equation {2.8) is identical with Eqs. (3a-b) of Ref. 25.
For near boxes (7=0/ ) a different numerical method is fol-
lowed in Ref. 25 to insure sufficient accuracy at high values
of £, . As 1illustrated in Fi%. 11.2, eacz near box is sub-
divided by a 5x5 grid. For this iner grid system, the refer-
ence length is £ /s~ and the reduced frequency is /£

.
»

< o C'?
ERREEREY
AN I //1
N [/
V=4
V=3 \\ 1/
72| \ C

Fig. II.2 Subdivision of Near Boxes

associated with the small boxes, there is a new set of indices
T, & . The contributions due to each box in rows 7 =2
to ¥’ = may then be calculated using Eq. (2.8), employing
/= 4/ /s instead of 4, . The AIC of a large box in row
7 =/ 1s obtained by sumning the contributions due to the
corresponding small boxes. For example, one has for box
Z7—=/I /.(,_:0)

’ i3 =2 ZIa VS - Eq. (2.12)

It remains to show how one may compute the contributions
of the small boxes in rows 7/ = o, , . 1f m 2= V.36 ,
which is an estimate of the practical range of applicability
of this theory, these rows are confined to the large box (g o0 )
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and they form a triangular region A as shown in Fig. II1.2. The
contribution of the whole region A is given by the first few
terms of the exact infinite series:

5. T _ / 22 9(o#+12M%) , &\#
Al g [l ()= 22221 8)

LT3 /k)_ 9(am%) &)
7L/v(a[/o (/‘7) 4 000 /M/] Eq. (2.13)

The third term in the real part of Eq. (2.13) is different
from the corresponding term of Eq. (7) of Ref. 25. This dis-
crepancy has introduced a small inaccuracy into the tabulations
of /.. in the above reference. This error is not regarded as
significant, since it is at most five units in the third place
for the highest 4, and lowest Mach number, whereas the ac-
curacy of the tabulations for rows > 2 from Eqs. (2.8) is
much poorer, as will be shown in Section III.4.

b. Exact Formulas

Making use of well-known relations in the theory of Bessel
functions, Watkins (private commrication; no formal reference
yet available) was able to reduce the double integral of the
potential function [Eq. (2.1)] into a single integral with an
integrand expressed in terms of an infinite series. Following
this idea, similar reduction is possible for the double inte-
gral of Eq. (2.4). 1Inasmuch as the AIC's are extensively
tabulated in Ref. 25 using the approximate formulas of Section
II.2a, the exact expressions for the square grid system will
not be presented here. The same mathematical technique will
be fully discussed in connection with the Mach grid system in
Section II.3.

I1.3 Expressions for the Aerodzgamic Influence Coefficients of
the Mac oX Gr ystem

For the Mach box grid system, Eq. (2.4) may be put in the
. form

b y)= 268 ST =1 o582 5 A7), £p
0= GG 245 [ € s (R 4 7
4

Eq. (2.1%)

WADC TR 56-97, Part 1 -11-

GONFIDENTIAL



CONFIDENTIAL

where p
X _ By -z ,_ B
A A A A
are the dimensionless coordinates and £ is the Streamwise di-
mension of a box (the spanwise dimension ig £/8 ).
"Z/= wb m*

——
—

U er’

R = V-5 G-nF

and (/4/ ), is the dimensionless area of a_Mach box. Here,
K+ <J 1is defined differently from 4+ .. r (by a factor of

6 ). This new definition is more convenient, since for Steady
flow, the AIC becomes independent of Mach number .

8. Approximate Formulas

. The procedure in obtairiing the approximate expressions is
similar to that for the square box and need not be repeated
here. It is worth noting that, in Fig. 11.3, the dimensions
of Mach boxes are so pProportioned that the forward Mach lines
from (x » ) always cut the boxes along the diagonal. Conse-
uently, for complete boxes > /&l , and for partial boxes
?half boxes) on the Mach line v=/g| - Again, because of the

symmetry

The approximate influence coefficient formulas read:
@qﬁﬂj;/z:i}[ cat (e 14 . wé@)&é}
#eas(7-)4- cos(& 7 gz )t
A sin k(B fm) G, |
1] 201 - os ([
T D s g7 A

WADC TR 56-97, Part 1 -12-



CONFIDENTIAL

(y,'r;)or(m,,u.)

(x,f)or(n,u)l MACH LINE 7{
] .
|

&

VK]
1=k

)

bt
q_

.?
3
i
=
3
-
_!'\/

Fig. 11.3 The Mach Box Grid System

where
64*+ = cas™ A2 — cas™! ArE ,
TH D+ 4 —+2/-
- ; L -~ +
1}4"__ cos Cond 2-—(‘05—, /4-1 = ‘54‘_ 5]
Z -4 - b
+
— n -~ . AL T A
., - (TrE) = (7 1) -4k -4 _ 714]
-Z /1_.._
— -t =L - =, L
~(7@t2)] cosh™ TE ot ’7’“] s (Tr@rz2)
A+ %
Eqs. (2.16a-c)
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and the interpretations given in Egqe. (2.10a#) apply. The
quantities&££; ).%555 and 435/5 are independent” of Mach
number and reduced féequency. They are tabulated in Ref. 3i

for 7=2% 25 and /£ =0 & 25 , For the boxes in row 7=, , the
subdivision technique of Section II.2 may be employed, as shown

in Fig. IL.3, to yield
. z o 7 2 ‘
ot o 2Oy #2200 R i ]

£=-1/ 923 @ty GHA 5,’/2’,)2:; _é

77 _
Gesd, =2} (51727,,/_‘,”],7 ya s

2=3 pd Eqs. (2.17a-b)
For the only box (gs) in row 7=0, no subdivision is necessary
and the contribution of this box (Region A) 1is

. {2 %3) &
Pty = f10 3 (4] - S22 )
. P 2 — 3 - N
G l#8)- GHE (=0

Eguation (2.18) is obtained from the infinite series expansion
of the exact expression for Oaw,f(uzo » which is given below
in Eq. (2.29a). ’

It should be noted here that, although the exact expres-
sions given by Li for the AIC are correct (cf. Eq. 20, page 18,
Ref. 26}, certain approximations for the integrals, necessi-
tated by the type of computing equipment available, are in-
adequate. For example, Li approximates his Eq. (23b) by Eq.
(33). Consider the exact expression for the steady-state case
with constant downwash equal to unity:

Eq. (2.18)

V rtE e 27- %
hssgm= 5| [-Gr B0 [ergu-2)T et
x4
L
=._.l£cvs"4£22:fi
e JHt2
Eq. (2.19a)
Li's approximate formula (Eq. 33) for k;ws‘(i—/e) reads
WADC TR 56-97, Part 1 -1% -
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y a>_V / -/ 1)-%
1 5-(-p) A3 (7/£ "'Mf/t)fj/ "j Eq. (2.19b)
The integrand of Eq. (23) is singular at the upper limit and
therefore the finite power series expansion used by Li for the
singular term leads to large inaccuracies. This fact is con-

firmed by the brief table below, which compares Eqs. (2.19a)
and (2.19b):

(Z—/L) Exact ( - %‘k ) Approximate (- %‘K )
Eq. (2.19a) Eq. (2.19b)
1 1.231 0.577
2 0.927 0.567
3 0.775 0.503
4 0.680 0.452

b. Exact Formulas

Following Watkin's idea mentioned above, it ig possible to
reduce the dimensionless expressior for the AIC, 1i.e.,

. = -k (5B E‘W{TEEH‘TTEj
Cri- R 3) [ et i)
o (A/)/ VB~ (g *7

Eq. (2.20)

in the following manner. Consider an area A4 in the influenc-
ing region, bounded bg the lines (- g aws EL ) 7= % and 17, ).
Using a relation which can be derived from Eq. (1) on page 415,

Ref. 32 ’
« cost x%-a
‘[I(x,/f+12)wsaTdT= e Va’ for X >a
= ¢ or X<4&
= Eq. (2.21)
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Equation (2.20) may be put in the form

foi e (1 }/‘Z/ &g //[‘;-z) V(B Jesspy)rerded

Eq. (2.22)

Changing the order of integration, and carrying out the 7 -
part, one has ¢

{{—lz/-(l‘f) > , Y,
0‘1)+cf- - —/ £ ,}% +9;7 2/ € 0/2_1[ i -;),/zi/ﬁ"e‘, }_75,;,_?&.7‘)-5/” Tév—zfydz/_g
Eq. (2.23)

With the additional relations, Eq. (1), Page 358 and Eq. (2),
page 405 of Ref. 32

T%7%) = J) )+ zﬂ_Z”eM/dé (%)

(] r\- . . ﬂ
/Z:- (27) 5’;_/L/T= Z%S/n(zrsm Z) for a4
o Eqs. (2.24;-1;)
and since 47'7/5 (x-2) for this region, there resuliés

§l -
_ 76% -8, oty g
BTt il )| e M)t arzy]

w__r‘ ,T_ , e _ ._,g——?}j/.
+Z %Jr ( ,7'[ x-f]) /fmér.sm /%é) S, Zri:/: T(‘EE:) 25)§

Furthermore, since the limits are constant and the integrand
I of Eq (2 25) is a function of (x-%)

2 é’ (s - /L 2Tl - - / ‘3_(1)(/;

= I(%)- I(;;) Eq. (2.26)
Equation (2.25) becomes
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P
CreJ =il | "Tdg -3t (T)-1)
= Eq. (2.27)
It can be proved that Eq. (2.27) holds true even for the

partial boxes (boxes cut by Mach lines) provided the following
definitions are observed:

4
s x= % 7 /=X

“ < x </
Sy = —Z‘—z—ﬁzj—r ) F Sx &
Sm X = — é?. ’ xs -/

Eqs. (2.28a-c)

In the Mach box 8rid system,for a box with its center &
and Z units away from the point (x, 4 ), 2, S » 7. and
7¢ can be written as ¥-(7+4)y x-(T-4), 4-(i+%) , and o- (7-4)
An exception is box (0,0) , where x-& 1s zero instea{of s
The following expressions are therefore obtained: =

. — B @2 T -
Koridy =B E)- 2 B (7= 2)

a2 w+é—_L_~ — I v o=
+§ﬁ_§;[i e /X[_zl'[(gLX)rjo—/éX)SM ’7)/(2
-z
S EN
‘fg fF’%]a: {/_slx )Sm/erm ';&)]d X
(772 >1)
Eqs. (2.29a-b) ;
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O, +i ] =L I v 1) fon” 2 /laf oy At

Tr+#

2’ _;_Z /ﬁ. ﬁ,._l]) /ynﬁrs‘m A-F ).. sinfersim” £ ;“ 12 )} ]
E

5 T
Nh

+ %é-—z ﬁ: / 2 -k X[J (ﬁ){){sn _:'_ _sm L*i}
X ﬂi%ﬁ}%ﬁ

7‘)‘)()[5"(“’” IL) sinfersin /“z)}] * Eq. (2.29¢)

where ﬁ: is the familiar function of linearized unstead
supersonic flow theory (cf. Ref. 36 or Section III) and Jzr
is the Bessel function of the first kind of order Zr‘ . Al-
though, at first glance, these expressions seem rather compli-
cated, the evaluations are not difficult because of the rapid
convergence of the infinite series. For the ranges of Mach
number and reduced frequency of interest, only the first three
or four terms need be retained. Furthermore, the sine functions
can be reduced to Chebyshev polynomials .9 /x) (Ref. 33) when

IX| £/

sin (ersin”X) =(-2""I-x® S, _, (2X) [x[ <1

_ X| >/
¢ X Eq. (2.30)

where éirq (zX) are represented by the simple expressions
Si(ex) =
s
S, (2x) =(2X)-2(2X)
S 2x) =X~ 4/2X)+3(2X)

| Eq. (2.31)
)
l
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Cc. Steady-State Formulas

Since frequent use will be made of the Mach box scheme for
steady-flow problems, it is useful to have the corresponding
formulas and a tabulation for the AIC. For £ =0 , from Egs.
(2.29a-b), one finds all the imaginary parts equal to zero and

R, =-/
Koo = f-2m '3+
PRV o
W;/ =_7z'é/‘f'" 3"z —_ZL@W
=/ * ‘}
7 J%;; T a Eqs. (2.32a-d)

The values of 5?in;: are given in Table A.2 of Ref. 31 for

v ., & from O to 12. It should be emphasized that these
coefficients are independent of Mach number, unlike the corre-
sponding ones for the square box.

I1.% Expressions for the Aerodzgamic Influence Coefficients of
the aracteristic Gr ystem

in supersonic flow, the most natural coordinate system for
many purposes is one with axes parallel to Mach lines. Consider
such a dimensionless system witg origin at (¥, + ), as in Fig.
{I.4. The characteristic coordinates (s are defined by the
transformation

2= z/?MZ [6-9)-605-)]

52 zgfd[(x-;w@/;-w]
Eqs. (2.33a-b)
or
X-£ = —jéé(ns)
17 == %09
Egs. (2.33¢c-d)
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('0 ’ Sq) l U

Fig. II.4 Characteristic Coordinate System

where 4 ig a reference length. From Eq. (2.1), the potential

at point (x4 ) due to a unit constant downwash over a parallelo-
gram (such as Region A) 15

Se fla  ~cllrss) 28 -
W/x,y)=—I%f/ c cos ’7‘/—2{”/5

vrs Eq. (2.34)
where
_ WwMd
Eq. (2.35)
Similarly at point (x-J, # ), the potential is
M M
S mg [a ~iHfres) g
#d [ 2 26
Flody)=-< ¢ ) e
A b Vrs Eq. (2.36)
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The X -derivative of 4 1s conveniently obtained from the
operation

| _d TH-%ESp 2,
ox /x,, ﬁf’;’ T = o 4,)/

2 -1676' S‘%‘aj(ﬁ /—— “qlé"sjfd-‘ﬁ%
[/ )//z @—M équ (2.37)

The pressure at ( X,4 ) due to region A, according to Eq. (2.3)
in dimensionless form is

Alg) = Zf«’/[ G2 / / -‘9("*3)6“[/,5’0 /_)a/ra(s

/ e 68

;(g( /% #_s;/ldrf
= /bA(’Z-;Sa.)

Similarly, for regions B and C of Fig. II.5,

5wz 0[ mf/ /

L [ (%f o),

L8 &

e sl ]|

Eq. (2.38)
one obtains

+5-S -.1. 'B(r+s) ) s (219 t/}’-‘;)

drds

S
tB 9 Vﬁ‘f%'.S)S Eq' (2-39)
-6s, %
_ 1€ .3 —49/' Zafrg_“
Zﬂ‘ﬂ L[Szo/ \/—[ é) df]
2(e5) = 2 fU[ L_Q@// "9{'*5)505{2&\/_)
b7
- 05, ~L3r‘ 26
1L e 22 /fre.
g / F( rSC)d] Eq. (2.40)
0
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(rb+ Sb’ O) \)\((rc,sc)

\']/'(r |l gr5e3)

Fig. II.5 Basic Regions Under Consideration for the
Characteristic System

The expressions for the three basic regions A, 8 ,
may be combined appropriately to yield the contribution of com-
plete, half or quarter-rhombic boxes. For instance, the con-
tribution of the subregion C, (Fig. II1.5) is

£ =ple,s)-B (e-f 508) P (e-15) +5(c-2.5-4) Eq. (2.41)

The single integrals and the inner portions of the double
integrals in Eqs. (2.38)-(2.40) can be expressed explicitly in
terms of Fresnel integrals or Bessel functions. For instance,
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From the definition of the F
tabulated in Ref. 34,
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= /E-;,fzaz
M ~¢b2
ez + € aQi]
A
M

Eq. (2.42)

resnel integrals whick have been

Fh= Clg-i St = L / ety

2n

one may deduce the following

X . .2 —
-L62 _ X /x 2
[8 Az _/X-_I 20 ;{9%)

Therefore, Eq. (2.42) become

[4

V& Eq. (2.43)

identity

Eq. (2.44)

S

& -ior cps(28 Sa ¢ Lo z ,nréi 2
[+, I et ]

Eq. (2.45)

Also, using relations similar to Eqs. (2.21) and (2.24a-b), one

obtains

s 0 .n
[elibs =), 1o, SPF v EE] LT s lon onsi” 3%
=t

2 Y }Z-r% -S)s

Formulas of various types ob
(2.45)-(2.46) are given in R

a. Steady-State Formulas

Since frequent use will
sSystem for steady-flow probl

WADC TR 56-97, Part 1
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Eq. (2.46)

tainable from Eqs. (2.38)-(2.40) and
ef. 28.

be made of the characteristic grid
ems, the corresponding formulas are
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now presented. For & =0 , Eqs. (2.38-2.40) reduce to the
simple expressions

Blis) = 22/ [VEE]

- 2¢l n F8N_ 1 /1
hlas) = FE4E ) VE]

L-+E]

p(es)
Eqs. (2.47a-c)

If the grid numbering system is that of Fig. 1I1.6, the above
expressions yield, respectively, the foilowing formulas for
the complete rhombus, the inverted triangle and the right-half

rhombus:

Fig. 11.6 Numbering System for Characteristic Boxes
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quantities inside the square brackets of Egs.

. (2.48a-f)
(2.48a-f),

srepresent the aerodynamic influence coefficients.
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SECTION III
APPLICATION TO TWO-DIMENSIONAL PROBLEMS

Before attempting to apply the aerodynamic-influence-
coefficient methods to finite wings, it 1s advantageous to
study various aspects of their application to two-dimensional
flow problems. In 8o doing, the following are three of the
important gueltions which can be Partially answered with rela-
tive simpl city:

(1) 1s it acce table to represent a swept lendinﬁ
edge by a groken line, an approximation whic
is necessitated b practical considerations if
numerical approacgel are to be followed?

(2) Is the assumption of an average constant down-
wash over each elementary area adequate?

(3) How many boxes must be distributed along the
chord of a wing before an acceptable degree of
accuracy is achieved?

While carrying out simple examples for these purposes, one
can also study the accuracy of the tabulations for the aero-
dynamic influence coefficients.

III.1 Representation of Swept Leading Edges by Broken Lines

Consider a two-dimensional swept wing in steady flow
with sweep angle A ; assume that the Mach number is large
enough so that the parallel leading and trailing edges are
Supersonic. If the wing produces constant downwash everywhere
(constant angle of attack), the dimensionless pressure dif-
ference at each point is constant and is given by the exact
formula of linearized theory (cf. Ref. 2)

A _BeA
?‘(“z;ﬁur“ N
e Eq. (3.1)

As a first example, let 4= & and A =7’an”{l/2). Since
B=¢ , the square and the Mach grid systems are identical. A
grid system is placed on the wing as shown in Fig. I1I.1. The
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Fig. I .1 Pressure Distribution on o Two-Dimensional
Swept Wing Using Mach (or Square) Boxes.

(7@"—‘0, tan A = '/2., M= VZ)

leading edge region is replaced by complete boxes having centers
on the wing, with the result that the leading edge is approxi-
mated by the broken line composed of the sides of the foremost
boxes. (It will be shown shortly that one Est resort to this
representstion.) The positioning of the Erid system is such
that the sum of the areas off the wing taken in by the resultant
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fan A =(Y2), the Sequence of types of chordwise columns of boxes
repeats with every second column, i.e., the results for columns
(3) and (5) will be 1dentical with those for (1), etc. There-
fore only rows (1) and (2) need be considered. Using Eq. (2.14)
and tabulations of the AICs (Table A.2 » Ref. 31), one can cal-
culate the approximate dimensionless pressure 5’ at the center
of each box. The results for A’ are shown in Fig. III.1. Ac-
cording to Eq. (3.1), the exact value of the pressure A7 at all
points is

/ 2
=~ <= [ /54 70
4 vE 7

and the dimensionless lift per unit distance perpendicular to
the flow is

Lift funif Span

=~ /. /5% Jo

where <24 1ig the chord of the wing in the Stream direction.
Although the comparison of the individual pressures on the boxes

crepancies, the average 1ift per unit span proves surprisingly
close to the exact.

Since the trailing edge is Supersonic, the pressures on
the wing are not influenced by the representation of the trail-
ing edge, and therefore one need not insist on complete boxes
near the trailing edge. Therefore, if the pressures are as-
sumed constant over each trailing edge box, one may write, for
instance, for the contribution of the partial box Ky £’ to the
lift of column (1)

Azea of ]S/f/)
Aeea of f9/8

Similarly, for the contribution of the partial boxes ;él;
to the 1ict of column (2),

2y/ Area o//’él//.
(-t20g51 4, )(Aim of,él/—)

(~1-035 9¢ 4%)(-

Here téz is the area of a compiete box. If this un{ of
dealing with trailin edge lift is adopted in the eva uation
of the 1ifts over columns (1) and (2), one cbtains the numbers
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No. of Z L)
Cgorgwise 4Q}) éd Average Cols.
Boxes Col.(1) Col.(2) (1) and (2)

3 - =1.140,23 -1.149,50 -1.144,87

4 -1.143,83 -1.177,79 -1.160,81

5 -1.161,75 -1.133,58 -1.147,67

6 -1.149,32 -1.152,39 -1.150,8s5
Exact -1.154%,70 -1.154,70 -1.154,70

Table I11.1 Comparison of Lift b
Exact Lift for a Two

(»é:a, fdnA =

shown in Table III.1.
four, five and 8ix boxe
the chordwise dimension

The table include
8 are successivel
R4 of the wing.

8 cases where three,
y assumed to £il1 up

Several conclusions can be drawn from these results:

(1) The deviations in

become less pPronou
Stream, indicating that
wise boxes are taken,

generalized forces (wh
of the pressure over t
Therefore, it is desirable to hav
chordwise boxes as practical.
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the exact value
farther down-

&nd more chord-
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hted integrals
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(2) For calculating the 11ft, which is the lowest-
order generalized force, relatively few boxes
suffice. However, for the higher order gener-
alized forces, such as the "first moment” and
the "second moment,” the results &re not ex-
pected in general to be as accurate with few
chordwise boxes.

(3) Since the pressures fluctuate appreciably from
the exact, the only logical and justifiable
chordwise integration~technique 1s the rectangu-
lar rule. This rule assumes that the pressure
times the weighting factor associated with each
generalized mode 1s constant over each box and
és taken to have its value at the center ¢ the

ox.

The pressure fluctuations across the chord are due to the
representation of the leading edge. The question that arises
at this point is whether it is possible to improve upon this
representation. If one had the tabulations for the AICs for
partial boxes, no sucn step would be necessary. However, such
tabulations would involve not only the sweep angle as a param-
eter, but also would have to account for various types of cuts
of the boxes by the leading edge. The scope of such an ex-
tensive tabulation is prohibitive. Another alterprative, which
at first glance might seem reasonable, is to take the AIC for
a partial box to be that of the corresponding complete box
times an area factor which is the ratio of the area of the
partial box to that of the complete box. Unon closer study,
this procedure proves inadequate. For instance, the contribu-

tion to the pressure 4’ at point < from ares 2/ of Fig. 1I11.1

is (- //3) = -p.s77 whereas the corresponding contribution for the
large area z4c 1is [~ (i/x) cas™( “3))<-a352. Now, if the proposed
correction had been used, cne would have for the contribution
of <4¢c , the value

Area of abc
- 0.392 = -0./96
( 9‘)/A@m qfa/c/)
as compared to the exact value of -o0.577 . This shows that a

simple "area correction" for the determination of the AIC for
partial boxes is not satisfactory. Incidentally, this type
of adjustment is suggested by Li (pages 33-37, Ref. 26)." 1f
this correction had been used for the determination of the

pressures at < and ¢ 1in the figure one would obtain the poorer

results
A=~/ s A=-033333,
.WADC TR 56-97, Part 1 -30-
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The exact #’ and £(3) in the foregoing example will re-
tain the value of - /. /54 7% as long as GBeot N =72 | Also,
the results of Fig. III.1 will not change if Mach boxes are used
for other two-dimensional wings in steady flow with constant
downwash (/o and GBcwZAN -2 Accordingly, 1f one uses
Mach boxes, the accuracy of the numerical method is dependent on
the factor (GozA . To investigate this dependency, con-
sider a wing at the same Mach number M=VZ , with sweep ,

A = 7an~"(2/3) ., Here (3cotA = /5. The resuits for A
are shown in Fig, IIT.2, and the corresponding values of 4

oflejjo]] T
a e
N
7 o
by 68685 (-4.0
A S49L6 [ /5RO5 T A9, ]

[P0V OT RS0 /15,35

A A26,32 4 160,46 [ #F3 10

LIORE0 1 #4801 [+, 4 768

1 ITH60 #9863 1 20315

-.fﬂ.;'r,ri

| ||

Fig. II11.2 Pressure Distribution on a Two-Dimensional
Swept Wing Using Mach (or Square) Boxes.

(A =0, Zan =2/3 , M= Z)
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£ A j%;) Col
No. o verage Cols.
Chordwise 42&) 4?}J ZZy) (1) ?2) and
Boxes Col.(1) Col.(2) Col.{3) J (3

4 -1.340,65 -1.295,86 -1.356,82 -1.331,11

5 -1.329,04 -1.335,60 -1.331,58 -1.332,07

6 -1.303,02 -1.356,25 -1.345,27 -1.334,85
Exact -1.341,64% -1.341,64 -1.341,64

-1.341,64

th

(=0, taend =25, M=VZ)

It is seen that the accuracies of the lifts

columns are sli
e sverage lift per unit span over
quite close, being within 1 per cent
is changed from 2 to /. s
for the total lift is observed. 0
the sonic condition,
pected to be as
of finite span.
dimensional wing.
two-dimensional swept wings in stead
that the accuracy is e
number combinations yi
the Mach and sﬂuare grid systems are the s
II1.2 also bear on the
At the lower Mach number, M-,z
(BcotA ~ 1.99), the results fo
in Table III.3.
at lower Mach number when s
ich would have been obtaine

Figs. III1.1 an

A = Fan™(1/3)
are shown in Fig. III.3 an
curacy is poorer
used than that wh
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The above and othe
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y flow su
ssentially uniform for all
elding @GcotA >/

, for a win

r examples

Since

case of the
g with sweep
Tr the square grid
Evidently the ac-
uare boxes are
with Mach boxes.

Table II1.2 Comparison of Lift by Numerical Methods with
Exact Lift for a Two-Dimensional Swept Wing.

for individual
Bet A =2
the three columns is st
Therefore, when Gwz A
nificant change in accuracy
course, when one approaches
the accuracy is not ex-
still tolerable f

related to

ggest the conclusion
Sweeps and Mach
at M= 3z~
ame, the results of
square grid.

or wings
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